République Algérienne Démocratique Et Populaire
Université Mohamed Boudiaf De M’sila
Faculté Des Mathématiques Et De L’informatique
Département De Mathématiques

MEMOIRE DE FIN D'ETUDE

Presenté pour lI'obtention du Dipléme de MASTER
Domaine : Mathématiques et Informatigue
Filiere : Mathématiques

Option : Analyse Fonctionnelle

Par
BOURAS Hedda
Sujet

Compacite dans les espaces asymetriques normes

Date de soutenance : 02 Juillet 2019
Devant le jury :

Dr. ACHOUR Dahmane | Prof. Université de M'sila | Président
Dr. DAHIA Elhadj M.C.A. |E. N. Sde Bousaada | Rapporteur
Dr. YAHI Rachid M.A.B. | Université de M'sila | Examinateur

Promotion : 2018 / 2019







Acknowledgement

First of all, Alhamd lillah for helping me to accomplish

this work.

I would like to express my sincere gratitude to my
supervisor the Doctor Dahia E]hadj for helping and

guiding me duiring my research and Writing.

Besides my supervisor, I would like to thank the
president of the jury the professor Achour Dahman and
the examiner Doctor Yahi Rachid for devoting time and

effort to read and examine my work.

Finally, I would like to thank my dear family who were

the real support for me.




DEDISCHAITSON
This work is dedicated”

5. Tomy befoved parents Fbderratiman and Naanaa
% for their uncondtional feve, and'to my dear sisters
5 and brothers; Fhimed; Sara Fymen and Salsabif
. - for encouraging me. Flse, to my bost frionds and
& sisters Dockra, Djazia, Djamila and I especially
5. mention my brother s wife Yasmin for their endless

JuJoJoort.




Table of contents

Introduction
Notation

1 Asymmetric normed space
1.1 Prelimnaries on compactness in the normed space . . . . .. ... ... ...
1.2 Asymmetric normed Spaces . . . . . .. ..o
1.3 Quasi-metric spaces . . . . . . . ... e e e

1.4 Some topological properties of an asymmetric normed space . . . .. .. ..
2 Compactness in asymmetric normed spaces

2.1 Compactness and finite dimension . . . . . . . . . ... ... ... ... ...

2.2 Preompactness in asymmetric normed linear spaces . . . . .. .. ... ...

3 Continuous and compact operators on asymmetric normed space
3.1 Spaces of continuous linear functions . . . . . . . ... ... ... .. ....
3.2 The dual space of an asymmetric normed linear space . . . . . . .. ... ..

3.3 Compact operators on space with asymmetric norm . . . . . ... ... ...

Bibliography

ii

iii

Tt o N N -

10

11
15

28
29
34
34

37



Introduction

It is diffcult to localize the first moment when asymmetric norms were used, but it goes
back as early as 1968 in a paper by Duffin and Karlovitz. Also in 1973 Krein and Nudelman
used asymmetric norms in their study of some problems. In 2005 Garcia-Raffi began the
study about compactness in this space.

The main goal of this memoir is to study the compactness on asymmetric normed linear
spaces. The aim of the Chapter 1 is to present the basic results on asymmetric normed
spaces.

After this prelimnaries, we will present in Chapter 2, general results regarding compact-
ness in asymmetric normed spaces. In this chapter we have two section, the aim of first
section is to extend the results about compact sets on finite dimensional normed spaces to
the case of asymmetric normed linear spaces, where we give the set theoretical arguments
that allows to a general description of compact sets of an asymmetric normed linear space.
The second section is devoted to characterizing the compactness and precompactness of
subsets on asymmetric normed linear spaces.

The aim of the last chapter is to study some properties of continuous and compact
operators on asymmetric normed spaces and to study some of their properties. This chapter

contains also a short discussion on dual space of an asymmetric normed linear space.
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Introduction

Notations

e K : The field of real or complex numbers;

e p: Be an asymmetric norm on X over R*;

o d,(z,y) = p(y — =) : The quasi-metric associated to an asymmetric norm p;

e p°: Be a norm on X over RY;

o BP(xg) ={z € X :p(r—x) < r}:Anopen ball in an asymmetric normed space(X, p);

e B (x0) = {r € X : p(x —z9) < r}: A closed ball in an asymmetric normed space

(X, p);
e B,={r € X :p(x) <1}: The open unit ball of an asymmetric normed space (X, p);
° Ep ={z € X : p(z) <1} : The closed unit ball of an asymmetric normed space (X, p);
o B, ={x € X :p°(x) <1} : The open unit ball of a normed space (X, p®);
° Eps ={z € X : p°(x) <1} : The closed unit ball of a normed space (X, p®);
e LC(X,Y) : The set of all continuous linear maps from (X, p) to (Y, q);
e LC*(X,Y): The set of all continuous linear maps from (X, p®) to (Y, ¢%);
e LC*(X,Y) : The set of all linear compact operators from (X, p) to (Y, q);
e X*: The dual space of an asymmetric normed space (X, p);

e X**: The dual space of a normed space (X, p*).
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Chapter 1

Asymmetric normed space

The goal of this chapter is to present the definition of asymmetric normed spaces. Since
the basic topological tools come from quasi-metric spaces, this chapter contains a short
presentation of some fundamental results of this space. The focus is on those which are most
used in functional analysis - Balls, Bases of neighbourhoods and Convergence (ect). For a
good presentation of the compactness on asymmetric normed spaces we have mentioned the
compactness in the normed spaces.

Our basic reference for asymmetric normed linear spaces is [3].



1.1. Prelimnaries on compactness in the normed space

1.1 Prelimnaries on compactness in the normed space

Definition 1.1.1 Let X be a normed space. The space X is compact provided that every
open cover of X has a finite subcover, that is for every collection O of open sets whose union

equals X, there is a finite subcollection {O;};_, of O whose union equals X.

Theorem 1.1.1 The normed space X s compact if and only if every sequence in X has a

convergent subsequence.

Theorem 1.1.2 [13, Vol. I, Proposition 1.e.2] A subset K of X is relatively compact if

and only if there is a sequence {x,},—, in X such that |z,|| — 0 and K C convez {z,},_,

Theorem 1.1.3 The normed space X is finite dimensional if and only if its closed unit ball

18 compact.

Definition 1.1.2 Let X be a normed space. We say that a subset K of X is precompact
if for all e > 0, K can be covered by a finite number of sets of diameter less than or equal

to .
Theorem 1.1.4 Let X be a normed space. The following statements hold:

1. If X is compact, then X is precompact.

2. X s compact if and only if X is precompact and complete.

1.2 Asymmetric normed spaces

Definition 1.2.1 Let X be a vector space over the fieled K. An asymmetric norm on X is

a function p : X — R such that

1. p(x) = p(—z) =0 if and only if x = 0 for all z € X.

2. p(Ax) = Ap(z) for all z € X and A € RT.



1.2. Asymmetric normed spaces

3. Triangle inquality: p(z +y) < p(z) + p(y) for all z,y € X.

We will also consider extended asymmetric norms, i.e. taking values in [0, +0o0] .

A vector space X together with an asymmetric norm p is called an asymmetric normed
linear space. The notion of an extended asymmetric normed linear space is defined in the
obvious manner.

If, further,

p(x) = p(—z) =0+ z =0,

a map p is called an asymmetric seminorm.

Here, we call the pair (X, p), an asymmetric seminormed linear space.
Proposition 1.2.1 Let (X, p) be an asymmetric normed linear space.
e The function p: X — RT defined on X by
p(z) :==p(—z) forall =€ X,
is an asymmetric norm on X, called the conjugate of p.
e The function p* : X — R™ defined on X by

p’(x) = max{p(x),p(—z)} forall =xze€X,
is a norm on X, called the associated norm of p.
e For all z,y € X, the following inequalities hold
Ip(z) = p(y)| < p*(x —y) and [p(z) —P(y)| <p°(x—y).

Note that, An asymmetric norm on X is a norm; but the converse is not true in general.

In order to prove this we take the following example.
Example 1.2.1 The function p : R — R™ given by the formula
p(a) = max(c, 0),
is an asymmetric norm. In addition,
p(a) = p(—a) = max{—«, 0},
and

p*(@) = max{p(),p(—a)} = |a].



1.3. Quasi-metric spaces

1.3 Quasi-metric spaces
Let X be a vector space over the fieled K.

Definition 1.3.1 A quasi-metric is a function d : X x X — Rt with the following prop-

erties
1. d(z,y) = d(y,z) = 0 if and only if x = y for all z,y € X,
2. Triangle inquality: d(z,y) < d(z, z) + d(z,y) for all z,y,z € X.

The pair (X, d) is called quasi-metric space.
If
d(z,y) =d(y,x) =0+ z =y,

for some z,y € X, the function d is called a quasi-semimetric, and the pair (X, d) is called

a quasi-semimetric space.

Remark 1.3.1 Ifd is a quasi-metric on X x X, then the function d defined on X x X by

d(z,y) =d(y,x) foralzxz,ye X,
s a quasi-metric on X called the conjugate of d.
And the function d° defined on X x X by
d*(z,y) = max{d(z,y),d(z,y)} forall z,y € X,

is a metric on X.

Let (X, d) be a quasi-metric space.

Definition 1.3.2 (Balls) Let xo € X and r > 0. The open ball, of radius r centered at xy,
to be the set
Bx a(xo,r) ={x € X : d(xg,x) <71},

and define the closed ball of radius r centered at xq to be the set

Bx a[zo, 7] = {x € X : d(xo,z) < r}.



1.4. Some topological properties of an asymmetric normed space

Let z € X, we say that a set V' C X is a neighborhood of the point z if and only if
dr > 0: Bxg(x,r) CV.

The collection neighborhoods of the point z is denoted by V,(z).

The topology 74 of a quasi-metric space (X, d) can be defined starting from the family
Vo(a).

Definition 1.3.3 The convergence of a sequence (x,), to x with respect to T4, called d-

. d o .
convergence, in symbols x,, — x, can be characterized in the following way:

Ty b = d(z,z,) — 0.

Proposition 1.3.1 /3, Page 4] Let (x,), be a sequence in a quasi-metric space (X, d).

1. If (x,), is d-convergent to = and d-convergent to v, then d(z,y) = 0.

2. If (x,,), is d-convergent to = and d(y,z) = 0, then (z,), is also d-convergent to y.

Remark 1.3.2 Every asymmetric norm p, on a linear space X, induces a quasi-metric d,

on X x X defined by
dp(z,y) =ply — z), z,y€eX.

If p is an asymmetric norm on X, then the topology 74, will be simply denoted by 7,

and we will say that 7, is the topology induced by p.

1.4 Some topological properties of an asymmetric normed
space

Let X be a vector space over the fieled K.

First we point out that, most of what was said in this part was quoted from the book

13].



1.4. Some topological properties of an asymmetric normed space

Definition 1.4.1 Let xo € X and r > 0. The subsets
Bl (wo) = {z € X : p(x — o) <71},

and

Bl (z) = {z € X : p(x — x0) < 7},
are respectively called the open and closed balles centred at x with radius 7.

Remark 1.4.1 Denoted by B, = BY(0), B, = B} (0) the unit balls. In this case the follow-
ing equalities hold

BP(zg) = x9 + 1B, and Ef (z0) = w0 + 7B,

Definition 1.4.2 Let U be a subset of X. We say U is T,-open set if for each x € U there

18 an open ball centered at x and contained in U.

Remark 1.4.2 The topology 7,s is finer than the topologies T, and 15. This means that,

any Ty-open (closed) set is T,s-open (closed); similar results hold for the topology Tp.

Proposition 1.4.1 If (X,p) is an asymmetric space, then any ball BY(x) is T,-open and
any ball BY (x0) is T5-closed.

Also, the following inclusions hold:
B (z0) C BP(xg) and B (x¢) C BF(x),
with similar inclusions for the closed balls.
Notation: In the sequel we will get the following notations:
o Vilw) = B(z) = {y € X i ply— ) < £}
o 0, ={ye X dyz,y) =ply —z) =0}
Let (X, p) be an asymmetric norm space.

Definition 1.4.3 We say that a set V C X is a netghborhood of the point x € X if

Ir>0:Bl(z)CV.



1.4. Some topological properties of an asymmetric normed space

Proposition 1.4.2 The sets
Vo(0) :={ze X :plx)<e}, >0

form a base of neighbourhoods of zero (or fundamental system of neighborhood of zero) for

the topology T, generated by d,. Hence the sets
Ve(z) = 2+ Ve(0),
from a fundamental system of neighborhood of x for all x € X.

Definition 1.4.4 (Banach lattice space) [13] A partially ordered Banach space X over

the reals is called a Banach lattice provided
1. x <y implies x+ z <y+ z, for every z,y,z € X.
2. \x >0, for every x > 0 in X and every non negative real \.

3. for all x,y € X there exists a least upper bound (l.u.b.) x Vy = sup{z,y} and a
greatest lower bound (g.l.b.) x Ay = inf{z,y}.

4. 1zl < |ly|| whenever |z| < |y|, where the absolute value |x| of x € X is defined by
lz] =2V (—x).

Put

zr=2Vv0 ,27=—(xA0) and |z|=2"+2".

It follows that z =2t — 2.

Definition 1.4.5 A subset A of X is p-bounded if there is a positive constant M such that
p(z) < M for all x € A.

Note that if a set A is p-bounded and is p-bounded, then A is p*-bounded.
Lemma 1.4.1 Let (X,p) be an asymmetric normed linear space. We have
B (x) 4+ 0y C BP(x),

foralle >0 and x € X.



1.4. Some topological properties of an asymmetric normed space

Proof. In fact, if y € BP"(2)+0y, then there is 7y € BP" () and zy € 0 such that y = zo+20.
Note that

p(y — o) =p(z) =0 and p(rg—z) <e.

Then we have that
ply—z) < ply—x0) + p(xo — )
< E.

Hence y € BP(z). m

Definition 1.4.6 Let (X, p) be an asymmetric normed linear space. We say that it is right-
bounded if there exists r > 0 such that

rB, C Bps + 0.

Example 1.4.1 Let (X, |.||,<) be a Banach lattice and consider the asymmetric normed
linear space (X, p), where

p(x) = |lzVv0|,z e X.

We have that (X, p) is right-bounded with constant r = 1. We must prove that
Bp C Bps —+ (90.

Let v € B,. Since X 1is a lattice, there are a positives elements

T =xV0and —2~ = —(x AO) such that v =z + 2.
Note that
pla®) =z V0| =p(x) <1 and  p(-z") =0,
thus
p*(a") = max{p(z"),p(—2")} = p(a™) < 1,
and

p(z”) = |z~ vo| =0,

so xt € By and v~ € 0y. This proves the result.



1.4. Some topological properties of an asymmetric normed space

In the case of an asymmetric normed space, there are several completeness notions,
which we present following [14], starting with the definitions of Cauchy sequences, of course
a sequence (x,), in asymmetric normed space (X, p) is 7,-convergence to = € X if

lim p(x, —x)=0.

n—-auoo

Definition 1.4.7 Let (X,p) be an asymmetric normed space. A sequence (x,), in (X,p)

15 called:
e Left p-Cauchy if for every € > 0 there exist x € X and ny € N such that

plr, —x) <e for all m,n > ny.

e Right p-Cauchy if for every ¢ > 0 there exist z € X and ng € N such that

plr —x,) <e¢ for all m,n > nyg.

e p°-Cauchy if for every € > 0 there exist ny € N such that

p*(xn, —xp) <e  for all m,n > ny.

Definition 1.4.8 An asymmetric norm space (X, p) is called bicomplete if the associated
normed space (X, p®) is complete, i.e., each p*-Cauchy sequence is convergent.

A bicomplete asymmetric normed space (X, p) is called a biBanach space.

Definition 1.4.9 A topological space X is a Hausdorff if for each pair x,y of distinct
points of X, there are disjoint open sets U and V' such that x belongs to U and y belongs to
V.

Remark 1.4.3 [t is well known that the norm of a normed space obuviously defines a Haus-
dorff topology. This is not the case when we consider an asymmetric normed linear space

(see [9] for more details).



Chapter 2

Compactness in asymmetric normed

spaces

L. M. Garcia-Raffi is the first one who to study about compactness in the asymmetric
normed space. Under special conditions he was be able to extand some of it in the finite
dimensional in 2005 [7]. Then he complete his research with C. Alegre, I. Ferrando and
E.A. Sénchez Pérez. In 2008 [2] they made a new article under the title "Compactness in
asymmetric normed spaces" that work was such a strong one that contained a lot of good
results.

Basic references about this chapter are [7] [2].

10



2.1. Compactness and finite dimension

2.1 Compactness and finite dimension
Let us recall the following separation axioms. A topological space (X, 7) is called:

e T if for any pair x, y of distinct points in X, at least one of them has a neighborhood

not containing the other;

e T} if for any pair x,y of distinct points in X, each of them has a neighborhood not

containing the other;

e Hausdorff or 75 if for any pair x,y of distinct points in X, there exist neighborhoods

U of x and V of y such that UNV = 0.

Definition 2.1.1 Let (X, p) be an asymmetric normed linear space endowed with the topol-
ogy Tp. A set M C X s said to be compact if it is compact considered as a subspace of X
with the induced topology, that is, (M, p) is compact with respect to the topology Tp|ar- A set

M of X is compact if every sequence in M has a convergent subsequence whose limit is in

M.

Lemma 2.1.1  Given a set A C X of an asymmetric normed linear space (X, p), we have

that
Uex =A+ 007

z€EA

where
A+bp={zeX :z=a+y, v€Aand ye€ by}
Proof. (1) Let z € Ué?w . Then there exists an x € A such that p(z —x) = 0. This implies

T€EA

that y € 6g withy =z — x, and z € A+ 6y. Then

Uex C A+ 0.

€A

(2) Let z € A+ 0y. Then there exists an x € A and y € 0y such that z = x +y and then we

can express y as y = z — x. Then we have

p(z —x) = ply) =0,

11



2.1. Compactness and finite dimension

so z € 0,. Which proves that
A+6yC U 0,,

€A

as desired. m

Lemma 2.1.2 Let (X, p) be an asymmetric normed linear space and x € X. Then
Ve(z) = Vi(x) + 0.

Proof. (1) It is obvious that V.(z) C V.(x) + 6.
(2) Let z € V.(z) + 0y . Then there exists y € V,.(z) and w € 0y such that z = y + w.

Then
Pz —a) = ply+w—u)
< ply— =) +p(w)
< e

This implies that z € V,(z). This proves the second inclusion. m

Lemma 2.1.3 Let (X,p) be an asymmetric normed linear space and A C X an open set.
Then
A=A+0b,.

Proof. It is obvious that A C A + 6.
Let z € A+ 6y. Then z = x + y, where x € A and y € ). Since A is an open set there
exists an € > 0 such that V.(z) C A. On the other hand, we have that

We conclude that z € A. =

Lemma 2.1.4 [7, Lemma 5] Given a family {A;, i € 1} of sets in (X, p), then

(A + 60) = (UA) + 0.

el el

12



2.1. Compactness and finite dimension

Proof. Let z € U(Al + 0p) that means that there exists some i satisfying that x € A; + 6,
icl
such that x can be written as x = z; + z with z; € A; and z € 6y. Then

T € UAi and z € (UA,-) + 6.

el i€l

If z € (UAZ> + 0 there exists an x; € A; and z € 0y such that x = z; + z and then

icl

icl
This proves the second inclusion. m
Lemma 2.1.5 Let (X,p) be an asymmetric normed linear space. Then
Eps + 6y C Ep.

Proof. Let g € Eps + #y. Then we can write g = f; + f» such that f; € Eps and fo € 0,

and we have

IN

p(9) p(f1) +p(f)

A
=
_|._
(a]

(VAN VAN
_ 3
[V
=

Hence g € Ep. [

Theorem 2.1.1 [7, Theorem 9] Let (X,p) be a finite dimensional T\ asymmetric normed
linear space, with base {ey,...,e,} and let (vg)ren be a sequence in X. The following state-

ments are equivalent:

1. (zg)ren converges to x = Ajeg + Ages + ... + A€, with respect to p.

2. The i-co-ordinate sequence of (z)ren converges to \;, with respect to the Euclidean

norm, ¢ = 1, ..., n.

Definition 2.1.2 An asymmetric normed linear space (X, p) is called normable if there is

a norm ||-|| on the linear space X such that the topologies T, and T4, coincide on X.

13



2.1. Compactness and finite dimension

Corollary 2.1.1 Let (X,p) be a finite dimensional T asymmetric normed linear space.

Then (X, p) is normable by the norm p°.

Proof. Let (z,) be a sequence in X that converges to a point x with respect to a p. By

neN

Theorem 2.1.1, The i-co-ordinate sequence of (xy)reny converges to ay, with respect to the

Euclidean norm, 7 = 1,...,n. Given a positive real number M > 0 and an —, there is a k|
n

such that when &k > ki we have

g
|Oék7i — Oék| < W

Let ko = max {k{,i = 1,...,n}. Then, if k > ky,

plri—z) =D (i (i — o) €k>

AN IA
MM =
i = /P?
&~ 3
2 —
= Q
| &
;g [
= Q
T
)
\?i/

=

< g

where we have used the fact that p® is a norm and equivalent to the Euclidean norm
with the constant M. Thus, (zy)reny converges to x with respect to the norm p°. m

In particular observe that, by the Corollary 2.1.1, T separation axiom implies 75 sepa-

ration axiom in the finite dimensional case.

Theorem 2.1.2 [7, Theorem 13] The unit ball of a T\ asymmetric normed linear space

(X, p) is compact if and only if (X,p) is finite dimensional.

Theorem 2.1.3 [3, Page 145] Let (X, p) be a finite dimensional asymmetric normed linear
space. Then X 1s T if and only if every compact subset of X 1s closed.

Theorem 2.1.4 Let (X, p) be a finite dimensional asymmetric normed linear space. Then

(X, p) is normable if and only if each compact set is closed.

Proof. Suppose that (X,p) is not normable. Then it is not Hausdorff. So there exist a

sequence (), .y in X and two points x,y € X with = # y such that x, — r and z,, — y

14



2.2. Preompactness in asymmetric normed linear spaces

with respect to the topology 7,. Since
K ={z}U{x, :n e N},

is compact in (X, p) (see Proposition 2.2.5) and y € K — K, K cannot be closed.

The converse is well known. =

Note that, in a finite dimensional normed linear space, every compact set is bounded and
hence this theorem provides a version of the Heine-Borel Theorem for asymmetric normed

linear spaces.

Proposition 2.1.1 Let (X, p) be a finite dimensional asymmetric normed linear space such

that B, is right-bounded. Then it is compact.

2.2 Preompactness in asymmetric normed linear spaces

Let (X, p) be an asymmetric normed linear space.

Definition 2.2.1 We say that a subset A of X is precompact in (X,p) if for all e > 0
there is a finite set {ay, ...,a,} in A such that
Ac|JBr(a),
i=1

or, equivalently,

Va e A, Ji e {1,...,n}, pla —a;) < e.

Definition 2.2.2 We say that a subset A of an asymmetric normed linear space (X, p) is
outside precompact in (X, p) if for each e > 0 we can find a finite set of points {x1, ..., x,}

in X such that .
Ac| B (x:).

i=1
Remark 2.2.1 A subset A of X is (outside) precompact if and only if for every e > 0 there
exists a finite subset {ay,...,a,} of A (resp. of X ) such that

i=1

Note that in the case of normed spaces precompactness and outside precompactness are

equivalent properties.

15



2.2. Preompactness in asymmetric normed linear spaces

Proposition 2.2.1 Let (X,p) be an asymmetric normed linear space and (z,),-, a se-

quence in X. If (z,,),5, is p-convergent, then the set {x, : n > 1} is outside precompact.

Proof. If (z,),, is p-convergent to some zo € X, then for every € > 0 there exists k € N

such that p(x, — zg) < ¢, for all n > k, implying

{z,:n>1} C UBf(sci),

i=0
it follows that {z, : n > 1} is outside precompact. =
If a set A is precompact in (X, p), then it is outside precompact in (X,p); but the

converse is not true in general. In order to prove this we take the following example.
Example 2.2.1 Consider the space l, with the asymmetric norm
p(z) =supz], z=(1;); € loo.

Then p* (v) = sup |z;|. Consider the sequence

T = (1,0,0,...),
7o = (1,1,0,...),
xn:(lala'wl?O? )

pla, —x) = p((0,0,..., 0),—1,—1,...))

(n

= 0,

that is x, —— x. Then by Proposition 2.2.1 the set A = {x, : n € N} is outside precompact
in (X,p). We now prove by contradiction that {x, : n € N} is not precompact in (X, p), for

€= % we can find a finite set of indexes i1, 149, ...i, such that

{z, :n e N} C UBg(xij).

j=1

Then if n > i,, there is a some iy € {i1,iz,...,7,} such that x, € BY(x; ), but this is not
2

P
possible because p(z, — x; ) = 1, showing that {x,, : n € N} is not contained in UB&’ (4,).
2
j=1
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2.2. Preompactness in asymmetric normed linear spaces

Proposition 2.2.2 Let (X, p) be an asymmetric normed linear space. The following state-

ments are equivalent:

i) A subset A of X is precompact in (X, p).

ii) For all £ > 0 we can find a finite set of points {x1,...,z,} in X such that A C UB?(Q:,)
i=1

and BP(z;)NA#( foralli € {1,....,n}.

Proof. (=) Suppose that A is precompact in (X, p). Then by definition there is a finite
set {ay,...,a,} in A such that A C UBg(ai) and it is obvious that BP(a;) N A # (.

i=1
(<) Fix € > 0 and choose {x1,...,xz,} in X such that

ey
AcC L_JIB; (2,),
and

for all i € {1,...,n}. Let a; € BY(z;) N A; we must prove BE (x;) C BP(a;). If x € BE(x;),
2 2 2
then

plr—a;) < plo—x)+ple —a;)
< §+plai — ;)
< €.
This implies that, the set A is precompact in (X,p). m
Let (X, p) be an asymmetric normed linear space. Let a subset A of X. If A is precompact
in (X, p®), then A is precompact in (X, p) and A is precompact in (X,p) but this condition

is not sufficient, as we show in the following example.
Example 2.2.2 In X = (., we define the asymmetric norm

p((ai)iZy) = [[(aq)iZ, V Of| = supe;” = sup max {e, 0} .
ieN ieN
We have that the unit ball B,s is precompact in ({uo, p) and in ({s, D) but it is not precompact
in (boo, p*). Take o = (1,1,...) € Bps and x1 = (—1,—1,...) € Bys and we show that

B,s C BP (zy) and By C BP ().

17



2.2. Preompactness in asymmetric normed linear spaces

Let a = ()52, € Bps. We have p () < p* (a) < 1, this implies that
pla; —1) <e, foralli €N and e > 0,

and then p(a — xo) < €. On the other hand, the same way we get p(co; +1) < e.
We conclude that Bs is precompact in (o, p) and precompact in ({oo,P)-
Suppose that B, is precompact in ({u, p*), then Bys is compact in the infinite dimen-

sional Banach space (L, p®) . This is a contradiction.

The purpose of the following example is proof that the p-closure of a precompact set in

(X, p) is not neecessary precompact in (X, p).
Example 2.2.3 Consider the asymmetric normed linear space (R, p) , where
plr) =2t =2V0,z R

The subset R~ := {z € R:x < 0} is precompact in (X, p) because for all ¢ > 0,R™ C
BP (—¢), but R-" =R, which is not precompact in (X,p).

The following result shows that the closure with respect to another topology of a pre-

compact set in (X, p) is precompact in (X, p).

Proposition 2.2.3 Let (X,p) be an asymmetric normed linear space. A subset A of X is

outsiae) precompact in ,P) if and oniy 1f the se 72’3 outside) precompact in ,D)-
tsid tin (X,p) if and only if the set A" tsid tin (X

Proof. (=) Suppose that A is precompact in (X, p). Let € > 0. Then, there exists a finite
set {z1,...,x,} in A such that
Ac B y(wi) | JBL ().
i=1 i=1

Then

—p _ n n
UEP UBE/2 ) U (z;) € | JB? ().
i1 i=1 i=1
(<) Now, if A s precompact in (X, p), then for given € > 0 there exists a finite subset
{z1,...,xz,} in A" such that
—P
Ac A ¢ UBE o (5).

18



2.2. Preompactness in asymmetric normed linear spaces

Then for a fixed index 7 there is some a; € A such that
p(xi —a;) =pla; — ;) <
Now we have to prove that BL ,(z;) C B?(a;).
Let y € BY ,(x;). Then p(y — ;) < 5 and

€/2

ply—ai) < ply—zi)+p(r —a;)

o

<
So we obtain that A is precompact in (X,p). =

Corollary 2.2.1 Let A and B be two subspaces of (X,p) such that A C B and B is pre-
compact in (X, p). If A is p-dense in B then A is precompact in (X, p).

Proof. If A is p-dense in B, we have that A" = B. Since B is precompact in (X, p), then
AP s precompact in (X, p), implying A is precompact in (X, p). m

Proposition 2.2.4 A compact asymmetric normed linear space (X, p) is separable.
Proof. Let A, C X be a finite subset such that

X=|JBi(a), neN.

a€Ay

Obviously, A = UA” is countable. For an arbitrary ¢ > 0 let n € N be such that % <e.
n=1

Then for z € X = U B (a) there exists a € A, C A such that x € B (a) C B?(a),

)
n

a€A;
proving the p-density of A in X. m

Proposition 2.2.5 If a sequence {x,}°2 in (X, p) is p-convergent and xo belongs to limzx,,,

then the set {xo} U{x, : n € N} is precompact in (X, p).

Proof. Since {z,}2°, is p-convergent to xg, then for £ > 0 there is some ny € N such that

T, € BP(xg) for all n > ny. This implies that

{zo} U{x, :n €N} C UBf(xZ)

as desired. m
The inclusion of a limit point is necessary for Proposition 2.2.5, as we saw in Example

2.2.1.
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2.2. Preompactness in asymmetric normed linear spaces

Remark 2.2.2 [t is obvious that if A is precompact in (X, p) then it is p-bounded, but if A
is p-bounded does not imply A is precompact in (X, p), to confirm this observation, suppose

that the sequence {x, : n € N} in Example 2.2.1 is a p-bounded set that is not precompact
in (X,p).

Definition 2.2.3 The convex hull of a set A C X is defined as

conv(A) = {Z)V:vi,@ e A\ >0, Z)\i = 1} )
i=1 i=1

Remark 2.2.3 Let (X, p) be an asymmetric normed linear space. The following statements

hold:

1. The finite sum of precompact sets is precompact.

2. The convex hull of a precompact set is precompact.

Proof. Let A; and As two precompact sets in (X,p). Let ¢ > 0. Consider the sets
{z},...,xL} C Ay and {x1,...,x} } C Ay such that

Ay C | JBE () and 4, C | JBE(a?).

i=1 i=1
Let 2 € Ay + Ay, that is 2 = 21 + 29 with 2; € A; and 2z € A,. There are elements =} and

2% such that p(z — x7) < § and p(zp — 25) < 5. Thus

p(z — (z} +23)) plzr — o) + 22 — 27))

IN

p(z1 — z7) + p(ze — 55?)

E.

A

Then z € B?(z; + x7). This means that the set {z] + 27 : i =1,...,n,j = 1,...,m} define
an adequate set of centres of p-balls of radius ¢ to cover the set A; + As. Hence, the finite
sum of precompact sets is precompact.

Let A be a precompact subset in (X,p). For ¢ > 0, we can find a set of points of A,
{z1,...,x,} such that

AC|UBE (x:) C {1, s} + BE(0).
=1
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2.2. Preompactness in asymmetric normed linear spaces

Since

convex (A + B) = convex (A) + convex (B),

we have

convex (A) C convex ({x1,...,x,}) + B%’ (0).

On the other hand, since convex ({1, ..., x,}) is compact in (X, p®), then it is precompact

in (X, p). Thus we can find a finite set {yi, ..., y,} in convex ({z1, ..., z,,}) such that
conver ({x1, ..., Tn}) CH{Y1y o, Yn} + B’%’ (0),
and, we can conclude directly that
convex (A) C{y1, ., Yn} + Bg (0) + Bg (0) C{y1y .., yn} + B2(0),

this confirm that convex (A) is precompact in (X, p). =

Note that if A is precompact in (X, p), then convea:(A)T) is also precompact in (X, p).

Proposition 2.2.6 Let (X,p) be an asymmetric normed linear space and K C X. The
subset K is compact respect to the topology generated by p if and only if K + 0y is compact
for the same topology.
Proof. Suppose that K is compact. Let be {U;, i € I} an open cover of K. We have that
K + 6, C | JUi + fo.
iel
By the compactness of K there exists a finite subcover of K, {U; : j € J C I, J finite}
such that K C UU]‘. Then by Lemma 2.1.4 we obtain that
jed
K + 6y C | J(U; + 6y).

jet
this implies that K + 6, admits a finite subcover {U; + 0y : j € J C I, J finite}. Then
K + 6, is a compact set.

Now, if K + 6 is compact, given an open cover of the set K, {U;, i € I}, the family
{U; + 6y, i € I} is an open cover of K + 0, since K + 0y is compact, there exists a finite
subcover of K + 6y, {U;j+0y:j € J C I, J finite}. Then by lemma 2.1.4,

K + 6o C |JU; + bo.

jeJ
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2.2. Preompactness in asymmetric normed linear spaces

This implies that
K c |Ju;,

jeJ
and thus {U; : j € J C I, J finite} is a subcover of K obtained from the open cover {U;,

i € I}. Hence, K is compact. ®

Corollary 2.2.2 Given a subset S such that S C K + 0y, if K + 6y is cmpact set and
S+0y= K+ 0y then S is also compact.

Proof. We have that
K+0,=5+6,.

Then S + 6y is compact and by previous proposition S is compact. =
Proposition 2.2.7 A compact asymmetric normed linear space (X, p) is precompact.

Proof. The precompactness is obvious: for ¢ > 0, {B?(x) : x € X} is 7,-open cover of X,

so there exists a finite subset A, such that

X = | B(a),

a€A;

as desired. m
Remark 2.2.4 In general, precompactness does not imply compactness.
And to confirm this observation we get the following example.

Example 2.2.4 In R we define the asymmetric norm

p(r) =z = max {z,0}.

The subset
R ={zreR:2 <0},

is precompact in (X, p) because for all e > 0 we have that

R™ C B? (—¢),
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2.2. Preompactness in asymmetric normed linear spaces

this is because, if v € R™ we have
r<0=zr4+ec<e and0 <e,

this implies that
pla—(=€) = (z+e)"
= max{x +¢,0}
< g,

thus x € B? (—¢), but R™ is not compact in (X, p) because there is a p-open cover without
o0

finite subcover: R~ C U ]—00,—1].

n
n=1

The following result gives a sufficient condition for compactness. This result does not

give a characterization of this property (see Example 2.2.5 below). This fact motivates last

part in this section.

Proposition 2.2.8 Let (X,p) be an asymmetric normed linear space. If K is a subset of
X such that
Ko C K C Ko+ 0,

with Ky is a compact in (X, p*), then K is compact in (X, p).

Proof. Let {A;};c; be a p-open cover of K, we will affirm that there is a finite subcover of
K. We have A; is p*-open for all i € I. Since Kj is a subset of K, {A;}.cs is a p*-open cover
of Ky. Therefore there is {4;;}"_; such that

Ky C LnJAZ]

j=1

We have that

UJ (45, +60) = (UAZ-J) +0p and A;; = A;, + 6, forall j e {1,..,n},

j=1 j=1

this implies that,
K C Ky +80 C UAZJ

j=1
This shows that K is compact in (X, p). =

The following example proves that there are a compact subsets in (X, p) which do not

satisfy the existence of a compact set Ky in (X, p®) such that Ky C K C Ky + 6.
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2.2. Preompactness in asymmetric normed linear spaces

Example 2.2.5 In the space ({1, p) with

n

p((0)2) = ZO‘;L'

i=1
We define the set K = {x, : n € N} as
20 = (0,0,0,0,.,...),
(35.-1,0,0,...),
(3r.0,—-1,0,...),

X1

X2

T, = (2”%1,0,0,..., -1 ,o,...) .
(n+1)
We prove first that K is compact in (X,p). If {Ai},c; is an open cover of K, then

there is some index ig such that xo in A;, and some radius § > 0 such that Bj (xg) C Aj,.
If x, € K then, choosing some ng with 2%%1 < 0, we have that for all n > ng, x, is in
B} (zo) C A;, and

K C U A U Ay,

where A;; is an element of the open cover satisfying that x; € A;; for j=1,...,n9— 1.
Now we prove by contradiction that there is not any compact set Kq in (X, p®) such that
Ky C K.
If Ky C K is a compact set in (X,p°), then either Ky is finite, or Ko must contain a
p®-convergent subsequence of the sequence {x,}. ., . But the latter is impossible, because the

subsequences of {x,},, are not p*-cauchy: if j # k,

pla-n) = |3l
> 1.
If Ky is finite it is not possible that K C Ky + 0y. Choosing two elements x,, and x,, with
n#m and ,, € r, + 6y, we must have p (z,, — x,) = 0.

But if m > n,
p(mm_xn>:17£0a

and for m < n,

1 1

m — dn) = 5= T o 1 07
Pam =) =op — 5, +17#

that is a contradiction.
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2.2. Preompactness in asymmetric normed linear spaces

Theorem 2.2.1 [2] Let (X,p) be an asymmetric normed linear space. Let K be a subset
of X. Then, if (X,p) is a bi-Banach right-bounded space with constant r = 1 and K is
precompact in (X, p) then there is a compact subset Ko in (X, p®) such that

K C Ko+ 0.

Theorem 2.2.2 Let (X,p) be an asymmetric normed linear space. Let K be a subset of
X. Then, if there is a precompact subset Ko in (X, p®) such that K C Ky + 0y then K is
outside precompact in (X, p).

Proof. Let ¢ > 0, we have that Kj is precompact in (X, p®), then there is a finite set
n

{1,...,x,} in Ky such that Ky C Ust(xi). Then

=1

n n

K B (2:) + 00 = | (BY (w:) + 60) € | JBP(:).

=1 =1 =1

This implies that K is outside precompact in (X, p). =

Corollary 2.2.3 Let (X, p) be a bi-Banach asymmetric normed space and let K be a subset
of X. If (X, p) is right-bounded with constant r = 1 and K is precompact in (X, p) then there

is a sequence {Ty }, o i X, p*-convergent to zero, such that K C convex {x, : n € N}p +0,.

Proof. By Theorem 2.2.1 there is some compact set Ky in (X, p®) such that K C Ky + 6.

We have that Ky is compact in (X, p®), this implies that we can find some p°-convergent

sequence {xy},y such that limp*(x,) = 0 and Ky C convex {z, :n € N 1" (see Theorem
n

1.1.2). Then we have

K C Ko+ 6y C convex{z, :n € N}ps + 0y,
as desired. m

Corollary 2.2.4 Let (X,p) be an asymmetric normed space. Let K be a subset of X. If
there is some precompact set Ky in (X, p®) such that Ky C Fﬁ, and K C Ko+ 0q, then K
is precompact in (X, p).
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2.2. Preompactness in asymmetric normed linear spaces

Proof. Note that we have the conditions to apply the proof of Theorem 2.2.2. Then we
can directly conclude that K is outside precompact in (X, p). Thus, for € > 0 there is a
finite set {1, ...,x,} in Ky such that

K c | JBY () + 0.
i=1
We have that x; € Ky C ?, this implies that BE(z;) N K # (), and by Proposition 2.2.2,
K is a precompact set in (X, p). |
Now, we describe a particular class of subsets of an asymmetric normed linear space

(X, p) for which the condition of existence of a compact subset Ky in (X, p®) such that
Koy C K C Ko+ 6, (221)

characterizes the compactness of K in (X, p).
Previously we have proved that, in fact, p-compactness of K does not imply the existence
of a subset K satisfying (2.2.1) (see Example 2.2.5). However, it is possible to find a broad
class of examples in which these properties are equivalent. Actually, for this to happen it is
necessary to impose some strong requirements on the subset K. The technical formulation
of this requirement is given by the following definition.

In this part we develop our results under the assumption that (X, p) is right bounded

with constant r = 1, i.e. BF (z) = B?" (x) + 0, for every € > 0 and every r € X.

Definition 2.2.4 Let K C X and Cy C K. We say that K has the B(Cy)-property if there

is a function p : K x Rt — R such that:
1. For every pair z,y € Cy and for allt € RT, p(x,t) < p(y,t) whenever z € y + b,.
2. By,y(@NKC (st ()N Co) + 6y, for all t € R and for every x € 6.

Definition 2.2.5 Let Cy and K be two subsets of an asymmetric normed space (X, p),Cy C
K. We say that K is a Cy-compact set in (X,p) if for all sets of positive real numbers
{€x}sec, » the class {Bg’z (x):x € Cg} defines a cover of K, and this cover admits a finite

subcover.
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Theorem 2.2.3 Let K be a subset of a bi-Banach asymmetric normed space (X,p). If
There is a compact set Ky in (X, p®) such that

Ko C K C Ko+ 6.
Then there is a p*-closed subset Cy such that K is Cy-compact in (X, p).

Proof. Take a compact set K; in (X, p®) such that Ky C K C Ky+ 6. Then it is p*-closed,
and for every family of radii {¢, : x € Ky} the set

B (z)+ 0= B’ (z), =€ Ky,
define a cover of K because
K CKoy+6yC | B (x)+6,= | B (x)
zeKyp z€Ko

Since K is compact in (X, p®) and the set {B}’;j (x),x € KO}, give a p°-cover of K, there

is a finite p®-subcover of K defined by a set of points x1, zs, ..., z, € Kj. Since
KCK0+00CUBP .I'Z +90 UBp Qfl,
=1

then, K is Ky-compact in (X, p). ]

Theorem 2.2.4 [2, Theorem 20] Let K be a subset of a bi-Banach asymmetric normed
space (X, p). If there is a p*-closed subset Cy such that K is Cy -compact in (X, p) and has
the B (Cy)-property with Cy C Ky, then there is a compact set Ky in (X, p®) such that

Ko C K C Ky + 6q.

Corollary 2.2.5 Let K; and K be subsets of the asymmetric normed linear space (X, p)
with Ky is compact in (X,p*) and K1 C K. Suppose that there is a p°-closed subset Cy C
K\K; such that K\K; has the B (Cy)-property and is Cy-compact in (X,p). Then there is
a compact set Ky in (X, p®) such that Ko U Ky C K C Ko U K; + 0.
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Chapter 3

Continuous and compact operators on

asymmetric normed space

In this chapter we study the compact operators on asymmetric normed space. S. Cobzas,
from university of “Babes—Bolyai” is the one who did that research in 2006. Also, we
mentioned the most important consequences about continuous operators on asymmetric
normed space.

Basic references about this chapter are [1, 4, 8].
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3.1. Spaces of continuous linear functions

3.1 Spaces of continuous linear functions

Let (X, p) and (Y, ¢) be asymmetric normed linear spaces. We will denote by LC(X,Y") the
set of all continuous linear maps from the asymmetric normed linear space (X, p) to the
asymmetric normed linear space (Y, ¢). Also, we will denote by £C*(X,Y") the linear space
of all continuous linear maps from the normed linear space (X, p®) to the normed linear
space (Y, ¢°).

Let us recall that a subset M of a linear space X is algebraically closed provided that
for

x+y €M, forall z,y € M,

and

A € M forallz € M and A € RT.

In this case, we say that M is a semilinear space.

Remark 3.1.1 The linear space LC*(X,Y) together with a norm (p®)% is a normed linear

space, with
(*)g(f) =sup{¢*(f(z)) : p(z) < 1},
forall f € LC°(X,Y).

Definition 3.1.1 A linear map f : (X,p) — (Y, q) is called bounded if there exist positive
constant K such that

q(f(z)) < Kp(x),

forall x € X.

Theorem 3.1.1 A linear map f : (X,p) — (Y, q) is continuous if and only if f is bounded.
Proof. Suppose that f is bounded. Let x € X and show that for every r > 0,

f (B @) Bl (f@)).

K

We have
B (f(z)={yeY qly— f(z)) <r},
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and

f(Epr (aj)):{f(z):zEX, p(z—:c)g%}.

q(y—f(2) = q(f(z) = f(z))

= q(f(z —=))
< Kp(z—x)
< © =T

Which shows that y € B, (f(x)).
Conversely, suppose that f is continuous (so continuous on 0), then there exists r > 0 such
that

f (BL(0)) € BL(0).

r

So q(f(z)) <1 forall z € X with p(x) <.
If p(x) # 0 we put

We have p(z) = r and then
q(f(z)) <1 (3.1.1)

It means that ¢ (f(z)) <7 'p(x).
If p(z) = 0, then p(nx) = np(z) = 0 for all n € N. From (3.1.1) we can write,

, for all n € N*,

S|

4(F()) = 4 (F(n)) <

going to the limit when n — +o00, we get ¢ (f(z)) = 0. Which shows that f is bounded

with the constant K =r~!. m

Proposition 3.1.1 If the linear map f : (X,p) — (Y, q) is continuous, then f : (X,p) —
(Y,q) is continuous. Hence LC(X,Y) C LC*(X,Y).
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Proof. Let f € LC(X,Y). Then there is M > 0 such that ¢(f(x)) < Mp(x) this implies

that
q(f(z))

IA IA Il
KK
S
8

Therefore f is continuous from (X, p) to (X,q), hence

¢(f(x)) = max{q(f(2)),q(f(x)}
max { Mp(z), Mp(z)}
M max {p(z),p(x)}
Mp*(z).

We conclude that £LC(X,Y) C LC°(X,Y). =

INIA

IA

Corollary 3.1.1 Let (X,p) and (Y,q) be two asymmetric normed linear spaces. Then
LC(X,Y) is an algebraically closed subset of LC°(X,Y).

Proposition 3.1.2 The funtion

py(f) =sup{q (f(z)) : p(z) < 1},
define an asymmetric norm on the space LC(X,Y).
Remark 3.1.2 Note that

po(f) =inf {K >0:q(f(x)) < Kp(z)},

and

(p")g(f) = nf{K >0:¢*(f(2)) < Kp*(x)} .
Example 3.1.1 Let u be an asymmetric norm defined on X by

u(z) = max{z, 0}.
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Let id be the identity function from (R,u) into itself. Clearly id is a continuous linear

function but —id is not continuous, because if x < 0,u(—z) = —x, so

wi(—id) = sup{u(—2):u(z) <1}
= sup{—z:z <1}

= OQ.

Thus we conclude that LC(X,Y) is not a linear space in general.

Theorem 3.1.2 Let (X,p) and (Y,q) be asymmetric normed linear spaces. Then,

(P)g(f) <p(f)  Jorall fe LC(X,Y).
Proof. Let f € LC(X,Y). Then

q(f(z) < pi(fp(z)
< p(fp(z),
and
q(f(=z)) < pi(f)p(—x)
< p(fp(z),
then

¢ (f (x)) = max{q(f(x)),q(f(=2))}
< py(Np ().
We conclude that
(P)3(f) < pa(f),
as desired. m
Theorem 3.1.3 [8, Theorem 1] Let (X,p) and (Y,q) be two asymmetric normed linear
spaces. The following statements holds.

1. LC(X,Y) is a closed subset of (LC°(X,Y), (pj;)s) :

2. If (Y, q) is a biBanach space, then (ECS(X, Y),pZ) is a biBanach space and (EC(X, Y),pZ)

is a biBanach semilinear space.
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Theorem 3.1.4 [1, Corollary 2] Let (X, ||.||) and (Y,].||) be two Banach lattices and let
p(x)=|lzt|| ifr € X andp(y) = |lyT|| if y €Y, and let f be a linear mapping from X to
Y. Then, f € LC(X,Y) if and only if f > 0.

Next we discuss the preservation by (EC(X Y, p;) of properties as Hausdorffness.

Proposition 3.1.3 Let (X, p) and (Y, q) be tow asymmetric normed linear spaces. If (Y, q)
is Hausdorff, then (ﬁCS(X, Y),p;) is Hausdorff.

Proof. Let f,g € LC*(X,Y) such that f # g. Then there is zy € X with f(zq) # g(xo),
and we may assume without loss of generality that p(z,) < 1. Since (Y, q) is Hausdorff there

exists € > 0 such that
B2 (f(z0)) N B2 (g(x0)) = 0.

We now prove that

B (f) N BY (g) = 0.

Let h € BY (f) then pt (h — f) < ¢, thus
q((h—f)(x)) <eforall z € X with p(z) <1,

this implies that
q((h = f) (%)) <e,

then h(xg) € B2(f(zo)). We have that h(z¢) ¢ B (g(xo)) then q ((h — g) (z0)) > €. Thus
h ¢ By (g,¢) . It follows that

By, (f:€) N By, (9,¢) = 0.

We conclude that (ECS(X YY), pZ) is Hausdorff space. m

Since Hausdorffness is a hereditary property we obtain the following.

Corollary 3.1.2 Let (X,p) and (Y, q) be tow asymmetric normed linear spaces. If (Y, q) is
Hausdorff, then (ﬁC(X, Y),pg) s Hausdorff.
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3.2. The dual space of an asymmetric normed linear space

3.2 The dual space of an asymmetric normed linear
space
Let u be an asymmetric norm defined on X by
u(z) = max{z, 0}.
Given an asymmetric normed linear space (X, p)
X ={f:(X,p") — (R,|.]) : f is linear and continuous} ,

and let
X*={f:(X,p) — (R,u) : f is linear and continuous},

then we have
p*(f) =p, (f) =sap{f(z) VO:p(x) <1},
forall fe X*

Clearly X* is an algebraically closed subset of X**, and thus it is a semilinear space.

Remark 3.2.1 If (X,p) is an asymmetric normed linear space, the pair (X* p*) is a

biBanach semilinear space. Called the dual space of (X,p) .

3.3 Compact operators on space with asymmetric norm
Let (X,u), (Y,v) be asymmetric normed linear spaces and, let

u€ {p,p,p’} and ve€{q,qq}. (3.3.1)

Definition 3.3.1 A linear operator T : (X,u) — (Y, v) is called compact if the set T (B,)

18 precompact i Y.

We shall denote by £C¥(X,Y) the set of all linear compact operators from (X, u) to
(Y, v).

Proposition 3.3.1 Let (X,u) and (Y,v) be tow asymmetric normed linear spaces. The

following assertions hold.
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3.3. Compact operators on space with asymmetric norm

1. LCH(X,Y) is a semilinear subspace of LC(X,Y).

2. LC(X,Y) is (p,q)-closed in LC(X,Y).

Proof. (1) We give the proof in the case = p and v = q.
If T:(X,p) — (Y, q) is compact, then there exists xy, ..., z, € B, such that

Vee B, Jie{l,..,n}, qT(z)—T(xi))<]I. (3.3.2)
If for z € By, i € {1, ...,n} is chosen according to (3.3.2), then

q(T (x)) (T (x) = T (2:)) + q (T (2:))

<
< l4+max{q(T (z;)):1<j<n},

showing that the operator T is (p, ¢)-bounded.
Suppose that 71,75 : (X,p) — (Y, q) are compact and let ¢ > 0. By the compactness
of the operator 11,75, there exist x4, ...,2,, and yi,...,y, in B, such that
€
Ve e B, die{l,..m}, q(Ty (z) — T1 (z;)) < 3
and

Ve e By, 3j€{1,...,n}, q(Ir(x)—Ts(z;)) <

It follows that for every x € B, there exist a pair (i,7) with 1 <¢ <m and 1 < j < n such
that

q(Th(z) +Ta(z) = Ti (v5) = Ta (75)) < q(Th(2) —Th(2:)) + q(Ta (x) — T2 (z5))
< e

showing that {7} (z;) + T2 (z;) : 1 <i <m, 1 <j <mn} is a finite e-net for (71 + 1%)(B,).
The proof of the compactness of a7, for a > 0 and T compact, is immediate.
(2) 7 (p,q)-closedness of LC*(X,Y) .
Let (7,,) be a sequence in £LC*(X,Y) and let T € LC(X,Y) such that (T},) is (p,q)-
convergent to 7" in LC(X,Y).

For £ > 0 choose ng € N such that

Vn > ng, Yo € By, ¢(T,, (x) =T (z)) < (3.3.3)

Wl M
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3.3. Compact operators on space with asymmetric norm

Let x1,...,xm € B, such that T),, (x;),1 < i < m, is an e—net for T,,, (B,). Then for

every x € B, there exists i € {1,...,m} such that

0(Tuy (2) = Ty (2)) < 5.
so that, by (3.3.3),
A(T (@) =T (@) < q(T(2) = Ty (@) + Ty () = Ty (20)) + 0 (T () = T (1)

< e

Consequently, T (2;) 1 < i < m, is an e—net for T (B,), showing that 7' € £C*(X,Y). =

Remark 3.3.1 The assertion (2) of Proposition 3.3.1 holds for other types of compactness
too, i.e. LC¥(X,Y) is T (u,v)-closed in LC(X,Y).
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Résumé

Ce travail consiste a étudier la compaciteé sur les espaces asymétriques
normés, nous avons inclus des définitions et des résultats de base,
ensuite nous avons eétudié les résultats les plus importants de la
compacité dans les espaces asymétriques normés. Et a la fin de ce
travail. Nous avons présenté les opérateurs compacts et les opérateurs
continus dans ces espaces.

Mots clés : Espace asymeétrique norme, ensemble compact, opérateur
compact, opérateur continu.

Abstract

The goal of this memoir is to study the compactness on asymmetric
normed linear spaces, we have included basic definitions and results of
this space, then, we studied the most important results concerning
compactness on the asymmetric normed linear spaces, and the end of
this work, we presented the compact and continuous operators in these
spaces.

Key words: Asymmetric normed space, compact set, continuous
operator, compact operator.



